Abstract-The response of an array processing system has been widely modelled using the concept of the array manifold. The conventional array manifold is a function of the geometry of the array, the carrier frequency and the directions of arrival (DOAs) of the sources only. However, the emergence of more sophisticated array systems, for instance antenna array communication systems, dictates the extension of this array manifold into various new types of manifolds that incorporate additional system and channel parameters, such as the code-division multiple access (CDMA) (spreading and scrambling) codes, the lack of synchronization, Doppler effects, polarization parameters, subcarriers, etc. This paper is concerned with the definition and geometric investigation of a generic model for these new manifolds that can be expressed as functions of the conventional array manifolds and, hence, are defined herein as extended array manifolds. Thus, initially, the concept of the extended array manifold is introduced and is shown to accommodate both existing and newly defined extensions of the widely employed in the literature conventional (or spatial) array manifold. Next, the geometric properties and parameters of the extended array manifold are studied and linked with the properties of the associated spatial array manifold in an attempt to facilitate the geometric study of the former by taking advantage of the well understood study of the latter.
I. INTRODUCTION

D
IFFERENTIAL geometry is a branch of mathematics which is concerned with the application of differential calculus for the investigation of the properties of curves, surfaces and higher-dimensional mathematical objects having a profound geometrical structure, known as manifolds.
The array response vector of an array of omnidirectional sensors (antennas, microphones, etc.) in the presence of a unit-power signal is a mathematical object in a -dimensional complex Hilbert space and is a function of a number of parameters such as the following:
• directions of arrival (DOAs) of the incoming signals (azimuth , elevation ); • carrier frequency ;
• velocity of the propagation of the signal ; • positions of the array elements , where is a 3 1 real vector with the coordinates of the th sensor. That is, (1) where denotes element-wise exponentiation of the vector .
The locus of the array response vectors for all possible values of the different parameters is the so-called array manifold , defined formally as (2) where is a vector containing all the unknown, variable parameters (which can be any or all of the parameters in the previous list) and is the parameter space for . It is important to note at this point that the array manifold has a profound geometrical structure which as we shall see, greatly facilitates the analysis of array systems.
The array response vector (also known as array manifold vector), as defined in (1) , is of limited use in modern communications and remote sensing systems. In these areas, there are additional parameters, apart from the aforementioned ones, which need to be taken into account. Characteristic examples are the pseudo-noise (PN) sequences of spread spectrum systems, subcarriers of multicarrier (MC) systems, polarization 1053-587X/$26.00 © 2011 IEEE parameters, Doppler frequency, the lack of synchronization, etc.
Hence, the modelling of such systems requires the introduction of new array response (manifold) vectors, which will depend on additional parameters and may have different dimensions. However, what is important to note is that these new vectors will give rise to new mathematical objects which will have the intrinsic mathematical structure of a manifold as well. More importantly these new manifolds can be expressed, as we shall see shortly, as functions of the array manifold of (2) and for this reason will be referred to, henceforth, as extended array manifolds. For the remaining of this paper the symbols and will be used to denote an extended array manifold vector and the associated extended array manifold defined as (3) where, again, is a vector containing all the unknown, variable parameters and is the parameter space for .
The extended array manifolds depend on various parameters, including of course all those on which the array manifold depends and have been presented in the beginning of this paper. Some of these are system parameters and if the array is calibrated they are usually known and fixed. We will assume in this work that this is the case. Examples of such known and fixed parameters are the carrier frequency and the locations of the array sensors ,
. The remaining will be channel parameters, such as the DOAs of the incoming signals and the Doppler spread. These are considered unknown and sought after parameters. In this paper we will only consider the cases where we have either one or two unknown parameters.
If there is only one unknown parameter , then the array manifold vector and any extended array manifold vector become and (4) and the associated manifolds and represent curves embedded in multidimensional complex spaces.
If there are two unknown parameters and , then we have and (5) and the resulting manifolds and represent surfaces embedded in multidimensional complex spaces.
A. The Geometry of the Array Manifold
The (spatial or conventional) array manifold of an array of sensors is a multidimensional complex nonlinear subspace in (or equivalently in ) equipped with the standard complex structure [1] . In Differential Geometry, this nonlinear subspace is a mathematical object (i.e., curve, surface, etc.) embedded in . Differential Geometry is a branch of mathematics that is concerned with the application of differential calculus for the investigation of the properties of geometric space curves, surfaces and other mathematical objects known as "manifolds" in multidimensional spaces. These mathematical objects (manifolds) have a deep and profound mathematical structure and have been used to express many significant problems in physics. In array processing, differential geometry has been used to study the conventional array manifold and for this reason it is useful at this point to review some of the most important results of the geometrical investigation of the conventional array manifold .
1) Array Manifold Curves:
If the array manifold is a function of one parameter only, it corresponds to a curve embedded in a complex -dimensional space and (2) becomes (6) where is the parameter space for and may be the azimuth angle , the elevation angle or any other equivalent channel parameter of interest that, however, has to be related to the free variable ( or ) via an allowable change of parameters. The geometric properties of array manifold curves have been extensively studied in the literature [2] - [4] .
The most important parameters of the array manifold curve (see Fig. 1 for a graphical representation) at some point are as follows:
• 
The arc length of the array manifold curve is formally defined as (8) The arc length is an invariant parameter, that is the tangent vector to the curve, expressed in terms of , , has always unity norm [5] .
The rate of change of the manifold length (9) is a local property of the curve and is directly related to the resolution and detection capabilities of the array [6] . At any point of a curve embedded in , it is possible to attach a continuous, differentiable and orthonormal, in the "wide" sense, 1 system of coordinate vectors , [3] , [7] . These coordinate vectors are indispensable in the differential geometric treatment of curves as it is easier to describe local properties (e.g., curvature, torsion) in terms of a local reference system than a global one, like an orthonormal Euclidean coordinate system attached at the origin.
According to the fundamental uniqueness theorem [7] curvatures (and thus the Cartan matrix ) uniquely define a space curve, except for its position in space. Moreover, the number of nonzero curvatures reveal symmetries in the geometry of the array manifold curve, since a curve with , nonzero curvatures is restricted to a -dimensional subspace of . It can be proven that if the curvatures of the array manifold remain constant, then the shape of will be a hyperhelix. This property of manifold curves is of high importance, since hyperhelical curves are easy to study and analyze due to their specific geometric structure [3] .
2) Array Manifold Surfaces: Array manifolds that are functions of two free variables, e.g., , correspond to surfaces embedded in . The most important geometric properties of space surfaces embedded in multidimensional complex spaces are the following [3] , [8] :
• the manifold metric ; • the Christoffel matrices and ; • the Gaussian curvature ; • the geodesic curvature of a curve on . Their physical interpretation is described below.
The manifold metric (10) is a 2 2 semi-positive definite symmetric matrix, with its elements known, in differential geometry terms, as the first fundamental coefficients (or metric coefficients). It is a function of the tangent vectors and , which form a basis (11) of the tangent plane of the surface at the point . The first fundamental coefficients provide a way of measuring trajectories on non-Euclidean spaces. Furthermore, serves as 1 Wide sense means Refu u g = .
a tool for detecting the changes of the shape of the manifold surface [5] , while the area of a segment on the manifold surface can be calculated as . The Christoffel symbol matrices of the first kind and second kind determine how the tangent plane varies as the point moves on the manifold surface. According to the Theorema Egregium by Gauss, to every point of a surface embedded in can be assigned a real number , independently of any specific curve passing through it. This real number, the Gaussian curvature, provides an indication of the local shape of the surface at the neighborhood of that point. In [3] , the aforementioned theorem has been extended to manifold surfaces embedded in a complex -dimensional space, where the definition of the Gaussian curvature utilizes the intrinsic geometry of the manifold surface.
Finally, for curves lying on manifold surfaces two important parameters are the arc length and the geodesic curvature . The arc length of a curve has already been defined in the previous paragraph. The geodesic curvature is defined using the first curvature of the curve along the tangent plane to the surface at every point along the curve. By considering a curve on a surface connecting two points, the geodesic curvature assesses the similarity of this curve to a geodesic curve (i.e., a curve which is equivalent to a straight line in Euclidean space).
3) Array Manifold Surfaces as Family of Curves:
The investigation of a surface as a mathematical object embedded in -dimensional complex space is more complex than that of curves. Thus, an alternative representation using two families of parameter curves has been proposed in [3] to express . These are the family of -curves defined as (12) and the family of -curves defined in a similar fashion. For a given (fixed) parameter , the curve is defined as a -curve and the ensemble of -curves provide a covering for the whole manifold surface. By treating the manifold surface using the aforementioned two families of curves, then a unified framework for the analysis of linear and nonlinear array geometries is possible.
B. Exemplary Results and Motivation
Studying the array manifold as a mathematical object embedded in a proper multidimensional complex space has led to a number of significant results regarding the analysis of arraybased systems. The problem of ambiguities in array processing has been analyzed and linked with array manifold geometric properties in [9] . In [10] , theoretical lower bounds regarding the detection, resolution and accuracy capabilities of linear and some planar array systems have been derived as function of the intrinsic geometry of the array manifold. The authors in [11] utilize differential geometry to determine the Cramér-Rao bound for arrays composed of widely separated subarrays. In [4] geometric concepts have been utilized to tackle the array design problem in an optimal way. Geometric information about the array manifold was also used in [12] , where the author utilised the array manifold geometry to perform array design under accuracy and peak side-lobe level constraints and in [13] for array manifold interpolation. In addition, in [14] the authors study the array geometries which give rise to isotropic array performance with regards to the signal DOA. Finally, in [15] study the effect of array geometry in DoA estimation accuracy and array ambiguity and utilize the derived results to perform array design.
These promising results have motivated the introduction of new array manifold models, such as a generalized array manifold for the modelling of local scatterers in [16] and an array manifold for acoustic vector-sensor (i.e., pressure and velocity measurements) array in [17] . In addition, is a series of papers [18] - [20] , the authors proposed a new approach to representing and simplifying the analysis of the array manifold.
Some exemplary results with very significant consequences to array processing as well as multiantenna wireless systems (e.g., SIMO, MISO, MIMO) are summarized below [3] .
• Any linear array of sensors/antennas with a uniform or nonuniform, symmetric, or asymmetric geometry can be expressed as a curve having a "hyperhelical" shape embedded in a multidimensional complex space. "Hyperhelices" are very important and useful space curves as for each hyperhelix there is a set of constant numbers (known as curvatures) that fully describe the curve and consequently the array of sensors and its performance.
• The manifolds of 3D-grid arrays (for example a cube of antennas) can be expressed as a surface of spherical shape, embedded in . • All planar arrays have a manifold surface of conoidal shape.
• If represent the azimuth and elevation angles respectively, then manifold surfaces of 2-and 3-dimensional arrays can be expressed as families of azimuth curves and elevation curves. For the case of 2-dimensional arrays, elevation curves are hyperhelices while azimuth curves are not.
• For planar arrays, if represent the cone angles then we have two families of hypehelical curves describing the manifold surface. However, the emergence of more sophisticated array systems, for instance wireless communication systems that employ an antenna array of a given geometry, dictates the extension of its array manifold into various new types of manifolds that incorporate additional system and channel parameters, such as the CDMA (spreading and scrambling) codes, the lack of synchronization, Doppler effects, polarization parameters, subcarriers etc.
While the study of systems using differential geometry is well understood and straightforward for spatial/conventional manifolds, this is not the case if additional system/channel parameters are incorporated giving rise to "new" manifolds. The work presented in this paper is an initial attempt that is concerned with the definition and investigation of a generic model for these new manifolds using differential geometry. As these new manifolds can be expressed as functions of the conventional array manifolds, are defined herein as "extended" array manifolds.
Although the theoretical geometric investigation presented in this paper is not connected to any specific application, it is important to point out that the significance and power of differential geometry in array processing and in wireless systems that employ an antenna array is not to replace but to complement the statistical array processing and Shannon's communication theory aiming at the following:
• expressing an array processing system, or other wireless systems, as a space curve, a surface or other mathematical objects; • analyzing or designing such systems by analyzing or designing curves or surfaces; • providing, in conjunction with the statistical array processing and information theory, new, more powerful algorithms/systems and open up new applications.
C. Paper Organization
Initially, in Section II, some representative examples of extended array manifold vectors that incorporate new parameters from wireless communication systems that employ an array of antennas are presented-expressed as functions of the conventional array manifold vector. Then the concept of the extended array manifold H is formally defined. In Sections III and IV, the geometric properties of the extended array manifold curves and surfaces, respectively, are investigated and derived as functions of the corresponding properties of the array manifold curves and surfaces-in an attempt to facilitate the differential geometric analysis of the former by taking advantage of the well understood properties of the latter. Finally, the paper is concluded in Section V.
II. EXTENSIONS OF THE ARRAY MANIFOLD
A. Examples of Extended Array Manifolds
Some examples of extensions of the array manifold vector of (1), which have been introduced in the literature so far, will now be given. These examples will not only provide us with some insight into the nature of these extensions, but will also motivate our analysis of the geometric properties of extended array manifolds.
In [21] , an asynchronous, CDMA array system has been modeled using the STAR (Spatio-Temporal ARray) manifold vector (13) This new manifold vector is a function of the geometry of the array and the directional parameters of the signal and (included in ), the PN sequence of length of each user contained in the vector (which is padded with zeros at the end) and the lack of synchronization (14) where is the discretized delay of the th path of the th user in units of the code chip period . Finally, (15) is the downshifting matrix of size . Note that henceforth will denote the downshifting matrix. Multi-carrier CDMA systems are strong candidates for the next generation of wireless communications, because of their inherent ability to tackle frequency selective channels, while at the same time enjoying the advantages of spread-spectrum systems. An array system using multicarrier transmission is introduced in [22] and modelled with the use of the MC-STAR manifold vector (16) where . . . is the number of different subcarriers used in the multicarrier modulation and is a second PN-sequence used to spread the data among the subcarriers. In addition, and are the PN-chip and the subcarrier frequency corresponding to the th subcarrier.
Polarization information has been used in the literature to improve the detection and estimation capabilities of the array [23] and to deal with correlated [24] or coherent [25] sources. In order to model the effect of the signal polarization on the array system, the Polar-STAR manifold vector was introduced in [26] : (17) where (see [23] ) models the effect of a signal with a state of polarization . Finally, in [27] the authors presented an array system affected by Doppler effect and defined the Doppler-STAR manifold vector (18) where . . . and is the Doppler spread affecting the signal. Notice that the nonstationarity of the channel is reflected on the dependence of the Doppler-STAR manifold vector on the time index .
B. The Extended Manifolds as Complex Mappings
All of the extended array manifold vectors presented in Section II-A are functions of the array manifold vector . In detail, for reasons that will be made clear in this section, any extended array manifold can be viewed as the result of a complex mapping, satisfying certain constraints and acting on the array manifold. The nature of these constraints, as well as the general properties of these mappings will be investigated next.
Let us consider an injective, analytic complex mapping . An "analytic mapping" is a vector function, every component of which, , , is an analytic function. Applied on the array manifold vector , this mapping produces a new vector , , that is (19) maps the manifold vector to the extended array manifold . Because is both analytic (therefore continuous) and injective, it is an embedding [5] . Therefore, since the conventional array manifold of (2) is a manifold, applying the embedding will produce a new manifold.
The extended array manifold will consist of, in general, analytic functions , of the array manifold vector. However, herein, we will focus on specific linear mappings , so that (19) can be rewritten as (20) where is a matrix of orthogonal columns, i.e., and is diagonal (21) and depends on the specific array system under examination.
It is important to point out that the majority of the examined extended array manifolds have a matrix of the following form: (22) where (23) with the vector depending again on the specific array system under examination. For instance, in the case of the STAR and the MC-STAR manifold vectors of (13) and (16), (24) (25) Finally, note that (22) satisfies the conditions of (21).
III. EXTENDED MANIFOLD CURVES
A. Basic Theoretical Framework
Like the conventional array manifold, the extended array manifolds are also mathematical objects embedded in multidimensional complex spaces. In this section, manifolds which depend on one parameter only (i.e., curves) will be considered. Since the investigation of the array manifold has focused on the bearing curves (i.e., azimuth, elevation, directional cosine curves), the parameter in the following analysis will stand, as before, for a directional parameter, which implies that the vector parameter reduces to the scalar parameter . In this case, the locus of all extended manifold vectors defined by (20) is given by (26) where is the parameter space for . Equation (26) defines a curve embedded in a -dimensional complex space.
The tangent vector at each point of the extended manifold curve is given by (27) For the sake of simplicity, the dependence of the various vectors and matrices on the variable will be dropped and only explicitly mentioned when it is needed. Moreover, will denote differentiation of with regards to the variable .
The rate of change of the arc length of is (28) However (29) and because of the fact that the array centroid has been taken as the array reference point (i.e.,
). Note this condition is valid for any array geometry, since we can always choose a suitable origin for the coordinate system. Based on (29), (28) may be rewritten as (30) where (31) is the rate of change of arc length of the corresponding array manifold curve (see (6) ). It is important to note that the rate of change of arc length of the extended manifold curve has been expressed as a function of the corresponding geometric property of the array manifold curve and the scalar functions and which code the properties of the mapping . Equation (30) provides a deeper insight into the relation between the two manifold curves. The right-hand side of (30) consists of two terms; the first one of these terms is the square of rate of change of arc length of the manifold curve scaled by the factor . The second term includes the factor which can be regarded as the rate of change of the arc length of a new manifold curve , defined as
The multiplicative factors and act as weighting factors because of the different dimensionality of the embedding spaces for the two curves. The total length of the curve is given by
where is the domain of . The first coordinate vector, a unit vector co-linear with the tangent vector can be expressed as (34) where is the total arc length of the manifold curve up to the point and it can be related to the bearing parameter via the allowable change of parameter [5] 
Because the extended manifold curves are embedded in a -dimensional complex space, it is possible to attach to every point of the manifold curve up to coordinate vectors and curvatures, which form the Cartan matrix and uniquely define the shape of the manifold curve [5] , [7] . However, any symmetry in the geometry of the array system, i.e., any symmetry in the positions of the array elements, will reduce the dimensionality of the subspace in in which the array manifold curve is embedded [3] . How this reduction takes place is out of the scope of this paper. However, in general up to coordinate vectors may be defined, where is the dimensionality of the complex subspace in in which the array manifold curve lies. These coordinate vectors and curvatures can be analytically calculated by applying the formulae presented in [3] to the model of the extended array manifolds presented earlier in this paper and making use of (26)- (31) . The derivation of all the coordinate vectors and subsequently the curvatures of the extended manifold curves, although analytically possible, is in practise extremely arduous. However, the most interesting differential geometric properties from an array processing point of view are as follows:
• the first and second coordinate vectors ; • the rate of change of the arc length ; • and the first curvature . These properties have been used extensively in the study of array systems, such as in determining the resolution and detection capabilities of linear [10] and 3-D [6] array geometries, the Cramér-Rao Lower bound for the estimation of channel parameters [28] , analyzing the ambiguities of linear and planar arrays [9] and finally in array design [29] .
The second coordinate vector and the first curvature can be calculated using the following equations: Based on the expression of the rate of change of the arc length of the extended array manifold curves, (28) , and the estimation of the first curvature given in (38) we are now in position to compare the bearing curves of the various extended array manifolds presented in Section II-A. Note that the analysis in the following section will be limited in the case of linear arrays or equivalent linear arrays (ELA) of planar arrays (see [3] ) for the sake of simplicity.
B. Hyperhelical Extended Manifold Curves
As it has been already said, in the most general case of the extended array manifold curves, the matrix of the linear mapping depends on some fixed channel parameters and on the bearing variable . However, if is independent of the bearing parameter , then the resulting linear mapping has some extra structure. This structure enables for the analytical evaluation of the entire spectrum of the geometric properties of the extended manifold curve in terms of the corresponding properties of the array manifold curve and the matrix . The detailed analysis of the curvatures of extended manifold curves, resulting from conformal 2 linear mappings of the array manifold curves will be presented in Appendix A. The most significant result, summarized in Theorem 1, will be given here and used to calculate the curvatures of various hyperhelical extended array manifold curves.
Theorem 1: Let be the array manifold curve of a linear array of elements, the shape of which is described by the Cartan Matrix , containing the array manifold curvatures. Let 
The proof of this Theorem and a derivation of closed form formulae for the expression of the coordinate vectors , and the curvatures , of the extended array manifold curves can be found in Appendix A.
The importance of this theorem lies in the fact that if the conformality assumption is satisfied, then the curvatures of the extended manifold curves are just a scaled version of the curvatures of the original array manifold curves. However, it is known from [3] that the curvatures of the array manifold curves of linear arrays are constant and independent of the bearing variable , that is these curves are of hyperhelical shape. Thus, the extended manifold curves are also of hyperhelical shape. Therefore, the theoretical tools developed so far for the study of the 2 A mapping is conformal when it preserves the angles between vectors.
hyperhelical array manifold curves [3] can be readily applied to study the extended manifold curves as well.
Three of the extended array manifolds presented in Section II-A are produced by conformal linear mappings, the STAR manifold, the Doppler-STAR manifold and finally the Multi-Carrier-STAR manifold. Using Theorem 1 and the known curvatures of the corresponding array manifold curve, their curvatures can easily be estimated. The required and parameters for each of these manifold curves are given next. Please note that a proper subscript will be added to the matrices for each different extended array manifold for the sake of clarity. 1) STAR manifold curves
2) Doppler-STAR Manifold curves
3) Multi-carrier STAR Manifold Curves
where the various parameters have been defined in Section II-A and the relevant references. From (42) and (43), it is clear that the parameter is the same for the STAR and the Doppler-STAR manifold curves. Consequently, the curvatures and, therefore, the shape of these manifold curves is identical. However, the orientations of the extended manifold curves within the -dimensional complex space are not identical and this clearly distinguishes the two manifold curves.
The curvatures for both the array and the STAR, Doppler-STAR manifold curves for a symmetrical and a nonsymmetrical linear array have been estimated and their values are plotted in Fig. 2(a) and (b) . 3 Note that the tag "extended curve" in the graphs refers both to the STAR and the Doppler-STAR curves. The number of nonzero curvatures is the same for both the array and the extended array hyperhelical manifold curves which arise from the same array geometry. This implies that both curves lie in a subspace of the overall observation space of the same dimensionality.
It is important to note that if the assumption that "the pathdelay is smaller than the period of a data symbol " is invalid, or equivalently the discretized delay is greater than the PN-code period , then only some of the energy of the current data symbol is contained within the tapped delay line (TDL); see Section II-A and [21] . The total energy of a symbol in the TDL is directly connected to the radius of the hypersphere on which the manifold curve lies. This is the reason why the curvatures of the extended manifold curves increase in magnitude as .
C. Nonhyperhelical Extended Manifold Curves
In this subsection, the results of Section III-A will be used to analyze the extended manifold curves of linear arrays of the following:
1) the POLAR-STAR manifold curves, 2) manifold curves of directional elements, which do not preserve the hyperhelical shape of the array manifold curves.
1) POLAR-STAR Manifold Curves:
To study the POLAR-STAR manifold curves, the overall mapping will be partitioned into two mappings. The first part will provide an intermediate curve (POLAR curve) which will be studied using the proposed framework in Section III-A. The second mapping, from POLAR to POLAR-STAR, will be shown to satisfy the assumptions of Theorem 1 and, thus, this theorem will be applied.
The POLAR manifold vector in the case of crossed-dipole arrays and for coplanar sources can be written as (45) where has been defined in [26] . Based on (45) one may calculate for this intermediate curve (46) with being the sensitivity of the sensors in fields polarized solely in the and directions and being one of the parameters defining the signal polarization (see also [26] ).
Furthermore, the POLAR-STAR manifold vector can be expressed as a function of (45) as follows: (47) Since is independent of the bearing parameter , Theorem 1 can be applied for the estimation of the geometric parameters of the POLAR-STAR curves based on those of the POLAR manifold curves.
2) Manifold Curves of Arrays of Directional Elements:
Consider a linear or ELA having directional elements (i.e., nonisotropic). In this case, the array response vector (weighted array manifold vector) can be expressed as a function of the array manifold vector for isotropic elements as follows: (48) and is a vector containing the complex-valued gains of each array element. Of course, (48) defines a linear mapping of the array manifold vector.
In Fig. 3(a) and (b), four different manifold curves of a linear array have been studied. The first one is the array manifold curve of a uniform linear array (ULA), the elements of which are positioned at in units of half wavelengths. The second curve is the curve of the same array, with the exception that the elements are now considered to be sensitive to the polarization of the incoming signal, with polarization parameters equal to (see also (17)) (49) The other two curves are the manifold curves of the same array, when the elements of the array are assumed to have the following gain patterns , . The dependence of the principal curvature on the directional parameter implies that specific operational characteristics of the array systems modelled by these manifolds are more sensitive of the direction of arrival of the signals. For example, the theoretical resolution threshold [3] , [10] and the Cramér-Rao lower bound [3] , [31] are dependent on the rate of change of the arc length, which is -dependent even in the hyperhelical manifold curves, but also on the principal curvature.
IV. EXTENDED ARRAY MANIFOLD SURFACES
In the previous section, the geometric properties of the extended array manifold curves have been studied as a function of the geometric properties of the array manifold curves and the nature of the extension. The focus is now redirected to 2-parameter extended array manifolds, i.e., extended array manifold surfaces.
Assuming that the extended array manifold vector is now dependent on both bearing parameters and , the extended array manifold is defined as (50) where, according to (20) , . The objective of this section is the investigation of the most important geometric properties of the extended array manifold surfaces, which were presented in Section I. In detail, a relationship will be established between the properties of the extended array manifold surfaces and the corresponding properties of the array manifold surfaces. This relationship, will not only allow for an efficient computation of the geometric properties of the extended manifold surfaces, given the existing results for the array manifold surfaces, but will also provide an insight into the geometrical differences and similarities between the two manifolds.
Note that, in the analysis that follows, every variable with a subscript will refer to the geometric properties of the extended array manifold surface , whereas variables without a subscript will refer to the properties of the array manifold surface , where (51)
A. "Conformal" Extended Array Manifold Surfaces
Consider an array of omni-directional elements. Its response is described by the vector and the associated array manifold is a surface embedded in an -dimensional complex space. Moreover, consider a linear mapping (i.e., from an -dimensional space to a -dimensional space, ), described by a matrix , with
according to Section II-B. In this section, the case where (53) will be investigated. This condition will be relaxed in the following section, when more general mappings will be considered. For the rest of this paper, any extended array manifold surface satisfying (53) will be called conformal extended array manifold surface, as it is produced by conformal complex mappings acting on the array manifold surfaces.
The tangent plane at a point on the manifold surface is a plane surface spanned by the two tangent vectors and .
Therefore, if
, is a basis for the tangent plane of the extended array manifold surface and is a basis for the array manifold surface, then these two bases are related as follows: (54) From (54), one can deduce that the tangent plane of the extended array manifold surface at a specific point will be rotated with regards to the tangent plane of the array manifold surface at the corresponding point . This result was expected since the effect of the linear mapping results in a rotation of the whole array manifold surface. Note, however, that this is not a trivial rotation such as, for example the rotation of a circle in a 3-dimensional real space, but it can be viewed as the rotation of a circle formerly lying on a 2-dimensional plane, into the full 3-dimensional space.
Furthermore, based on (54) the relationship connecting the two manifold metrics and can be derived:
The elements of the manifold metric are used to measure trajectories on the manifold surface via the concept of the first fundamental form (56) where . Thus, (55) and (56) imply that for the same infinitesimal increment , of the directional parameters, the distance between and will be times the distance between the corresponding array manifold vectors. Moreover, the area with sides , is mapped via the extended array manifold vector onto an infinitesimal surface of an area larger than the area of the surface which the array manifold vector produces. This is consistent with the result of the previous section that the new manifold is on a sphere with a radius times larger than that of the associated array manifold.
The Christoffel Matrices of the first kind and of the extended manifold surfaces are related to the corresponding matrices and of the array manifold surfaces as follows: (57) where (58) with , while the Christoffel matrices of the second kind are identical.
(59)
The Christoffel matrices are used to calculate the infinitesimal variance of the tangent plane as the point moves on the manifold surface by , that is
However, since the shape of the actual surface has not changed, the only difference in the change of the vectors spanning the tangent plane in the case of the extended array manifold surface (compared to of the array manifold surface) is due to the original transformation of the tangent plane, which is described in (54). The final geometric property of surfaces, which will be examined is that of the Gaussian curvature. The sign of the Gaussian curvature of the array manifold surface at a point provides an indication of the local shape of the surface at the neighbourhood of this point. Since the shape of the array manifold surface has already been studied in the literature, it would be convenient to be able to link the shape of the extended array manifold surfaces to the corresponding conventional ones. The following theorem, Theorem 2, provides this connection.
Theorem 2: Let be the array manifold surface of an array of elements, the shape of which is described, locally at a point , by the Gaussian curvature . Let be an extended array manifold surface, related to via the linear mapping . That is, is the matrix representing the mapping , . If and then 1) the Gaussian curvature of the extended manifold surface can be computed as (61) 2) The shape of at the neighborhood of a point has locally the same shape, as the array manifold surface has at a neighborhood around . Proof: The local shape of a surface at the neighbourhood of a point can be determined by the sign of the Gaussian Curvature at that point. Therefore, it is sufficient to prove (61). For the rest of this proof, the dependence of all magnitudes on the parameters and will be dropped for notational convenience.
An expression for the Gaussian curvature of the surface , based on the intrinsic geometry of the surface, is [32] (62) where and
Thus, by substituting into (62)
This relationship between the two Gaussian curvatures reflects the fact that the extended array manifold surface lies on a hypersphere of radius times larger than that on which the array manifold surface lies. Finally, let us assume that there exists an array manifold curve on the array manifold surface and the corresponding, via a linear mapping which satisfies the conditions of Section II, extended array manifold curve on . The properties of the extended manifold curves have been extensively studied in Section III. However, for curves lying on surfaces, another geometric property of interest is the geodesic curvature of the curve. If the geodesic curvature of a curve on a surface is equal to zero throughout its length, then this curve defines the path of minimum length on , which connects the two end points of . It is interesting to examine how the geodesic curvature of the extended manifold curve is connected to the geodesic curvature of the manifold curve . Let us consider the formula for the geodesic curvature given in [3] . (64) For an extended array manifold curve, (64) can be reformulated as (65) Since the objective is to compare two manifold curves which have, in general, different lengths but the same domain for the bearing parameters and , it is more convenient to consider (64) and (65) as functions of and and not . In other words, the point on (and of course on ) is mapped via onto the point on (and ). However, is not mapped onto , since as it was shown in Section III the total manifold curve length of is different than that of . For the extended array manifold curve of (65) (66) and (67) Therefore (68) Note, of course that since the geodesic curvature is a property associated with the manifold curve, it depends on one parameter only which is consistent with the notational convention since there is a dependency between and . The main conclusion drawn from (68) is that geodesic array manifold curves are mapped to geodesic extended manifold curves.
B. "Nonconformal" Extended Manifold Surfaces
In the previous section, the differential geometric properties of the extended array manifold surfaces arising from conformal complex mappings (i.e., independent of ) of the array manifold surfaces have been examined. The attention is now turned to extended array manifold surfaces which are the product of nonconformal mappings. Namely, conditions (53) are relaxed and now the matrix is a function of both and . These extended array manifold surfaces will be referred to for the rest of this paper as nonconformal extended array manifold surfaces. It is expected that the nonconformality of the complex mapping will deform the array manifold surface and the relatively simple connection between the geometric properties of the two surfaces will not be present any more.
The investigation will commence with the tangent plane at some point of the extended manifold surface. Similarly to (54), which is true for conformal mappings, for nonconformal mappings can be expressed as follows: (69) where (70) Note that now the basis of the tangent plane of the extended manifold surface is comprised of two terms. The first term is identical to (54), while the second one represents the deformation of the surface because of the dependence of the complex mapping on the bearing parameters and .
Based on (69) the relationship connecting the two manifold metrics and can be derived:
where, in similarity to the definitions of and , is defined as (72) Let us compare (71) with (55). For an nonconformal extended array manifold surface there are two terms contributing to the manifold metric . The first term is the same as the one in (55) and expresses the change of dimensionality of the embedding complex space. The second term , however, is related to the dependence of the mapping on the directional parameters and can be visualized as the manifold metric of a second surface, whose parametric equation is given by (73) Note, however, that the manifold surfaces are embedded in complex spaces of different dimensions, that is , and . Therefore, another interpretation of the extended array manifold surface is that the array manifold vector has acted on to produce . However, the properties of this new mapping are not entirely dual to those of and this can be deduced from the first term on the right-hand side of (69), where the term appears instead of which would be the dual of . This, nevertheless, is simply related to the structure of the output of the Tapped Delay Line used in the literature so far.
Let us proceed next to the Christoffel matrices of the first and second kind. Following a detailed analysis which can be found in Appendix B (74) where (75) is the tangent matrix of ,
is the Christoffel matrix of the first kind for and, finally
Again, the pattern which appeared initially in the study of the extended manifold curves and next in the tangent matrix and the manifold metric is present. On the right hand size of (74) there exist two terms, which are properly scaled versions of the Christoffel matrix of the first kind of the extended array manifold surface and the Christoffel matrix of the first kind of . The remaining terms are due to the fact that the reference point of the array system is taken to be the array centroid. This guarantees that and therefore , but does not guarantee that the tangent vectors , at every point of the manifold surface will be normal to the surface.
Finally, the Christoffel matrix of the second kind for the extended manifold surface is related to the respective matrix of the array manifold surface as follows: (79) V. CONCLUSION In this paper the concept of the extended array manifold has been introduced and its functional dependence on the array manifold has been investigated. In particular, the geometric properties of extended array manifold curves and extended manifold surfaces have been studied as a function of the corresponding properties of the array manifold curves and surfaces. The analytic expressions which were derived for the geometric properties of the extended array manifold can be used to investigate the properties of a wide family of array manifolds used to describe numerous architectures that employ arrays. Thus, the work presented in this paper provides a theoretical framework that has the potential to express, analyze or design more complex array and wireless systems by analyzing or designing curves or surfaces embedded in a multidimensional complex space.
APPENDIX A PROOF OF THEOREM I
The general formulae for calculating the th coordinate vector and curvature can be found in [3] and [7] .
A. th Coordinate Vector and Curvature
Based on the results for the first and second order coordinate vectors and curvatures, the emerging pattern of the formulae leads to the following expressions: These expressions will now be proven.
Proof: We will begin with the proof of (80) and the method of 2-step mathematical induction will be used to prove the desired expression. Note that (80) The formula of (85) is not the same as the one we are trying to prove. From the first sum of the right hand side, the term for is missing, while from the second sum, the term for is missing. We will show now, that both these terms equal to 0, or equivalently, that the corresponding coefficients . The coefficients are 0 if any of the following 3 conditions is satisfied: OR OR . Therefore, the second missing term can easily be proven to be equal to 0, since . For the first term, observe that if , , then . Therefore, if is odd, the upper limit of the first sum is, in fact equal to , as it should be. If , then the first term is Therefore, we have to show that . The coefficients can be defined recursively, as can be seen in (82). In every step of the recursion, the coefficient can be expressed as the sum of two terms, in each one of which there is another coefficient, with different indices. In every step, in both of the emerging coefficients, the difference between the first and the second index is decreased by one. However, the indexes of the second coefficient decrease faster. In order for to be zero, all of the emerging coefficients in this recursion must be also zero. Equivalently, the indexes of all the emerging coefficients must satisfy one of the conditions mentioned above. We can represent this recursion as a binary tree, see Fig. 4 , each node of which will represent a different coefficient. For the root of this tree to be 0, all the leafs have to be zero too. However, if we prove that the coefficient emerging always from the second term of the recursive (82), that is the rightmost leaf of the tree is equal to 0 then, all the other coefficients will be equal to 0 as well, because even though the difference in the indexes is decreased by the same amount in each recursion (each level of the tree), the indexes of the rightmost coefficients (the nodes in the path from the root to the rightmost coefficient) approach the limit faster than the nodes in any other path. After steps of the recursion, the indexes of the rightmost leaf will be The coefficients will be zero if the indexes are equal, so . Therefore, after steps of the recursion, the indexes will be Thus, it has been proven, that all the coefficients for this term are 0 and the proof for the coordinate vectors is complete. The proof for the curvatures follows from this result and (81).
B. Proof of Theorem 1
Proof: The method of mathematical induction will be used again. During this proof, variables with a superscript will refer to the extended manifold curves, while variables with no superscript will refer to the coefficients and curvatures of the conventional array curves.
Based on (81), the calculation of the th curvature requires the knowledge of all the coefficients , , , whereas the calculation of the coefficients , require the knowledge of the curvature and the that of some of the previous coefficients. The calculation of each coefficient is a function of the coefficients which precede it in the previous arrangement plus the curvature of the previous order. Therefore, if it is known that up to an order (86) then for the next order , the coefficients of the array manifold and the extended array manifold will be equal as well. Since (82) is a two step recursion, we have to prove first that the necessary conditions hold for and .
For
, it is For , it is Now, it has to be proven that, if the conditions of (86) hold and given the previous result for the coefficients, the curvatures relation of (86) will hold for the next order as well. For the next order, , based on (86), the coefficients and will be equal. Thus, from (81) it is straightforward to show that (87) Now that the curvatures relation has been proven, by substituting (87) into (80) it is straightforward to show that (80) is also verified.
APPENDIX B DERIVATION OF CHRISTOFFEL MATRICES
A. Derivation of Equation (74)
Based on the definitions of the Christoffel matrix of the first kind 
